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CALCULUS AB

SECTION |, Part A Solutions

1. Correct answer: (A)

Answer choice A is false. lim f(x) does not exist because the left- and right-

x—72

hand limits are not equal.

lim f(x) # lim f(x)
x—2" x—2*

2. Correct answer: (B)

Using the definition of a derivative, the derivative of the function f(x) at

+ h) — . L
x = a can be found as f'(a) = lim Ja })l f(a). In our case, it is the derivative

h—0

1
of f(x) = 25x° at x = r

fi(x)=25-5x"1 = 125x%
1 1\ 11
fl=)=125-{=) =125 — =—
5 5 625 5

3. Correct answer: (C)
f(x)y=kforx =4,s0f4)=k.

To find the value of k£ where fis continuous at x = 4, we need to find

)lci_fﬂf () = f(4).
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f(4) =k = lim

x—4

V3x+4 —4/2x+8 5 V3x+4—4/2x+8 /3x+4++/2x+8
= lim :
x—4 x4 x—4 \/3x+44+4/2x+8

I Bx+4)—(2x+78) . x—4

= lim = 11m
A (x =4/ 3x+4+4/2x+8) T (x—4d)H3x+4 +4/2x+8)
, 1 1 1 1

= lim _

4B+ 4425 +8 16416 4+4 8

4. Correct answer: (A)

s . . . 0 .
Substitution gives the indeterminate form 0 Use L’Hospital’s Rule.

. —2sin2x —2cos2x —2sin0—2cos0 —-2-0-2-1 -2
1m = = —
x—0 1 +cosx 1 +cos0 1+1 2

=—1

5. Correct answer: (D)

Use the product rule:

d d
—(xcosx) =—(x)-cosx+x-—(cosx) =1-cosx+ x(—sin x)
dx dx dx

= COSX—XxSInx

6. Correct answer: (D)

4 2
ffx)=2x+—+

X2 \2x—1
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4 2
'‘DH=2()+—+ =24+4+2=28
f =2+ O

7. Correct answer: (D)

Use the chain rule.

y = 4(\/; + sin x)? - i(\/; + sinx) = 4(\/; + sin x)° : + cos x
dx 2\/3—6

8. Correct answer: (C)

Use the quotient rule.

d d
09 —(@)-tanx—Xx-——(tanx)  |.anx—xsec?x tanx—xsec>x
X) = — _
(tan x)2 tan? x tan? x
1 xsec? x 1 cos? x X 5
= — =cotx—x- - — =Ccotx — — =Cotx—XxcCsc™x
tan x tan? x cos?x sin?x sin? x

Then

()33 s

9. Correct answer: (C)
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The stem of the question means f'(3) = 9. So fis differentiable at x = 3 and
therefore continuous at x = 3. We know nothing about the continuity of f.
Therefore, the only correct statements are | and Il.

10. Correct answer: (A)

The average value of the function f(x) on the interval [a, b] is

1 (b
Jf) dx

1 (2
fre=——| x*V3x°+1 dx

2-0J,

d
Let u = 3x3 + 1, du = 9x? dx, and ?u = x? dx.

2 2

= — —_ u u — —— u U —=—-+—U2 = —(3Xx 2
@ 24,9 9.2/, 18 3 27

0 0

= L((3(2)3 +1)2 — (3(0)* + 1)) = L((zs)% —(1)) = L(125 _ )= 124

1. Correct answer: (B)

To find when a function is decreasing, you must first take the derivative,
then set it equal to 0, and then find between which zero values the
function is negative.

fi(x)=3x*=175

3x2—-75=0
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3(x2=25)=0
x-=5x+5=0
x==x5

Now test values on all sides of these to find when the function is negative,
and therefore decreasing. You could pick —6, 0, and 6.

f(=6) =3(—6)>—-75=3-36—-75=108 —75 =33
f(0)=30)-75=-175
F1(6) =3(6)>—75=3-36-75=108 — 75 = 33

Since the values that are negative occur when x = 0, the function is
decreasing on the intervals that include these values, so the function is
decreasing on [-5,5].

12. Correct answer: (C)

Using one of the integration formulas, "Csczx dx = —cotx + C.

13. Correct answer: (A)

The particle changes direction when7velocity is 0, so completing the
square on 972 —2t—7 =0 gives t = — % 1, butr =1 is the only solution on

the given interval t = [0,2].

Then total distance traveled by the particle fromtimer=0tor=2is
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2
+ J |19t> — 2t — 7| dt

1
[ 92 — 2t — 17 dt
1

2
[ 19¢> =2t — 7| dt =
0

0

1

+

3t3—t2—7l‘

2
3t3—t2—7t‘ ‘ —13-1-7|4+(24—-4-14-3B—1-7)]
0 1

=|=5|+|11|=5+11=16

14. Correct answer: (C)
Right-hand sum: f(¢)) At + f(t,) At + f(t;) At + f(2,) At.
Substitute to get
5.08—-5)+4.0(11 —8)+3.5(15—-11)+2.0(19 — 15)
=53)+43)+354)+24)=15+12+14+8 =49

The approximation of the number of liters of water that are in the tank at
time r = 19 hours is 30 + 49 = 79 liters.

15. Correct answer: (C)

Since both of the equations are functions, these are upper and lower
curves. Find the points of intersection by setting the curves equal to each
other.

3x2+x—-2=x+1

3x2-3=0
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x+Dx-1)=0
x=—-—1,1

The function y = x + 1 is the upper curve, so the integral to find the area
between the two curves is

-1 1
x+1D)=0Gx*+x-2) dx:J x+1=3x2—x+2dx
J_1 -1

r1 1

—3x>+3dx = —%x3+3x =—(1)P+3()=(=(=1D>+3=1)

J_1 -1

~143-(1-3)=2-(-2)=4

16. Correct answer: (D)

A

fis continuous at x = 0.

Jx)=-

1
24/ | x|

Therefore, fis not differentiable at x = 0.
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17. Correct answer: (A)

d d
Solve using substitution. Set u = 3x + 4 and e 3,s0du=3dxand dx = Tu

dx
The new limits of integration, in terms of u, will be

u = [3(0)+4,3(2) + 4] =[4,10].

10 du [10 \
u” du

2
[ 3(3x + 4)* dxz[ 3u® 5 =

0 4 4

18. Correct answer: (B)

3 1 -3
[ f(x) dx = J fx)dx+ | f(x)dx
0 1

0 J

1 -3
=J 2x+4)dx+ | (-3x+9) dx
0 J1

5 ! 3x2 3
=x"+4x +[——+9x]
0 2 1

=(1+4—0)+(—2—27+27—<—%+9)>

27 15
=5+ —-—=5+6=11
2 2

19. Correct answer: (D)

First, find f(g(x)). Substitute g(x) for x into f(x).
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flgx)) = 2(2x + 3)°

Then
d
d—f(g(X)) = f'(g(x)) - g'(x)
X
di Fe() =2 -3Q2x+3)2-2 = 122x + 3)?
X

Now evaluate the derivative at x = 1.

di(f(g(l))) = 12Q2(1) + 3 = 12(5)* = 12 - 25 = 300
X

20. Correct answer: (D)

5

From the graph we see that g(5) = [ f(t) dt is positive.
0

d X
g'(x) = d_[ S dt = f(x)
X Jo

Therefore
g3 =15 =0
g'(x) =f(x)
g"(x) =f'(x)

So g”(5) =f(5), which is the slope at x = 5. From the graph we see that the
slope at x =5 is negative. Therefore, g"(5) < g'(5) < g(5).
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21. Correct answer: (C)
At rest, v(r) = 0. Also, v(r) = x'(¢).
Use the product rule.
v(t) = 2te ™ — 3t?e !
Now solve v(r) = 0.
2te™ = 3t2e™ = 0
e (2t -3t") =0

e (N2 -30=0

2
t=0, =
3

22. Correct answer: (C)

d (" dr —
d_J g(1) dt = g(x)

X Jo

Therefore
d
—(f(x)) =f'(x) = gx)
dx

The graph shows that fis decreasing on the interval (—4,0) and increasing
on the interval (0,4). This means the graph of the derivative of fis negative
on the interval (—4,0) and positive on the interval (0,4).

23. Correct answer: (B)
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The slope of the tangent line is 0, which means that f'(x) = 0.

Find the derivative using the quotient rule.

2x2x + 1) — x*(2) _ Ax% + 2x — 2x* _ 2x% + 2x

T =0 @x+ 1?2 Qx+1)

Solve the equation.

2x% + 2x _
2x+1)2
2x24+2x =0
xx+1)=0
x=—-—1,0
(_1)2 02
Then f(—1) = =—land f(0)=————=0
2D+ 1 2000+ 1

24. Correct answer: (C)

Since g is the inverse function of f, if f(1) = 0, then g(0) = 1.

Remember that if f~'(x) = g(x), then g'(x) = . Therefore,

f(gx))
I
g0y  f(1)

Now find the derivative of f(x) at x = 1.

g'(0) =

f(x) = 5x*
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f()=5-(1)*=5

1
So 2'(0) = —.
g'(0) 5

25. Correct answer: (B)

To find the vertical asymptotes, set the denominator equal to 0. Therefore,

we have
c—x>=0
c—22=0
c—4=0
c=4

For x = —2 we also get ¢ = 4.

If the numerator and denominator are of equal degree, then the ratio of

coefficients will give the horizontal asymptote. In our case, we have ax? in

CZX2

the numerator and —x? in the denominator. Therefore, — =—a= 5, SO
—X

a=—-5Nowa+c=-5+4=-1.

26. Correct answer: (B)
Start by finding the derivative of the function.
f(x) = e** + 2xe**

At critical points, f'(x) = 0.
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e +2xe** =0
e (1+2x) =0

1+42x =0

- (D)

.. ) 1
The absolute minimum value is ——.

2e

27. Correct answer: (D)

Separate variables.

d
dt
dy =k dt

Integrate both sides.
y=kt+c

Use the values in the table.

3=k(0)+c
c=3
T=k(1)+3
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k=4

Therefore, we get y = 41 + 3.

28. Correct answer: (C)
Start by finding derivative of the function.
F(x) =2xe ™ + (2 + D(—ke™™) = e*Qx — kx> — k)
At critical point f'(x) = 0, DNE, we get:
e MQ2x—kx*—k) =0
e #£0,50 2x—kx*—k =0
We know that critical point is at x = 1. Substitute and find the value of k.

2() - k(1> =k =0

2—-k—k=0
2 =72k
k=1

29. Correct answer: (C)

First separate the variables. Multiply both sides by dx and divide both
sides by e™.

dy._
dx

xe
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d
g x dx
eV
e’ dy =x dx

Integrate both sides.

[ey dy = [x dx

X2

ey+01=7+02

.X2

ey=7+c,wherec=c2—cl

52
lney=ln(—+c>
2
o
=In| —+¢
Y 2

Since y(0) = 1, substitute and find c.

1
O=ln<—+c>
2
1

1
We remember thatlnl =0, so 5 +c=1,and c = 5.

> 1
Therefore, we get y =1n (% + 5 )

30. Correct answer: (A)
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Since the position is x(f) = cost + sint, the velocity is v(r) = x'(t) = — sint + cos t.
We first need to find the point where velocity is first equal to 0.

—sint+cost =0

. C T
cost = sint, which Is true when ¢ = 7

Now we know that

a(t) =v'(t) = —cost —sint

(5) o) (2)

V2 V2 22
T2 2 :_T:_ﬁ

and
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CALCULUS AB

SECTION |, Part B Solutions

31. Correct answer: (D)

dy 2y- 2xy?

We can rewrite the equation as = .
dx  3x%y?+2x

d
Now find d_y at the point (—1,1).
X

Y 3
ﬂ(—l,l) _ 2(1) =2(=1)(1) _ 2472 _ i _4
dx 3(=D2(1)2+2(-1) 3-2 1

Then use the quotient rule.

d’y 2y —2xy’)’(3x%y* + 2x) — (3x°y* + 2x)'(2y — 2xy°)
dx? (3x2y2 + 2x)?

dy 3 2 dy 2.2 2 2., &y 3
(25—2)/ — 6xy E)(f%x 2 4+ 2x) — <6xy 4+ 6x y5+2)(2y—2xy )

(3x2y2 + 2x)?

(264 = 2(1) = 6(= (D)) (3D +2(=1)) = (6(=1)(1) + 6(1)(DE) +2) (2(1) = 2(=1)(D))
(3()(1) +2(-1))°

_ @=2+24)(1) - (20)0)
= " =

30

32. Correct answer: (C)

To find the slope of the line tangent to the graph, we need to find f'(x).
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F(x) = 30xe®
We want to have 30xe = 1.

Graph the derivative function and the function y = 1, then find the
intersection to get x = 0.033.

33. Correct answer: (C)

The Intermediate Value Theorem states that if fis continuous on [a, ] and
f(a) and f(b) differ in sign, the theorem guarantees the existence of at least
one zero of fin the closed interval [a, b].

34. Correct answer: (C)

Since the graph crosses the x-axis at one point, then the y-value is equal to
0. Substitute y = 0 into the equation and find the x-value.

0 = 3 In(sec x)
Inl =0, sosecx =1and x =2zn, where n is any integer
We have the interval [6,7], SO x = 27 ~ 6.2832.

To find the slope, we need to find y'.

) sec x tan x
y' =3 = 3tanx
seC x

v'(2r) = y'(6.2832) = 3tan2z2 = 0

35. Correct answer: (D)
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Points of inflection occur where ' changes from increasing to decreasing
or from decreasing to increasing. There are six such points. /' changes
from positive to negative at x = 5, therefore f has a relative maximum at
x = 5.

Since f'is decreasing on the interval [3,6], the function fis concave down
on the interval [3,6]. Therefore, only statements | and lll are true.

75T | T O O |

36. Correct answer: (B)
f/(x) = 20x* — 120x?
f"(x) = 80x> — 240x = 80x(x* — 3)

The graph of fis concave up where f” > 0. " > 0 for —\/§ <x<0Oandx> \/5

37. Correct answer: (C)

Since F'(x) = f(x), then F is an antiderivative of f. Therefore,
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S
= —(F(10) - F(4))

5
1
J f(2x) dx = EF(Zx) =2

2

38. Correct answer: (D)

The graph of fis concave down where f” < 0. On the graph of f, we see
that f"<0on -2 <x<2.

39. Correct answer: (C)

1
The area of a triangle is given by the formula A = Ebh' Take the derivative

with respect to r of both sides of the equation.

dA 1 ( ab  dh
e (h =4 —
dt 2\ dt = at

Substitute the given rates

dA 1
= —Qh+2b)=h+b
dr 2

dA
The area will be decreasing when — < 0, which is true when h+ b < 0, or
h<—b.

40. Correct answer: (D)

We know that a(r) = t*> + cost and v(0) = 1.
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r

v(t) = |a(t) dt

- 3
t :
v(t) = t2+costdt=?+s1nt+C

Substitute v(0) = 1 and solve for C.
O+sin0+C=-1
c=-—1

Therefore

/3
V(1) =?+Sint—1

Then we need to find r when v(¢) = 0.
l‘3

— +sint—1=0
3

t ~ 0.881

41. Correct answer: (B)

Change the integration from x to +.
1
t =3x,thendr =3 dx, ordx = 3 dt.
Use r = 3x to find the new limits of integration.

If x=5,thentr=3-5=15

If x=11,thentr=3-11 =33
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Then we get

11 1 33
[ £(3x) dx=§J £t dt

5 15

1 33
ﬂ f(t) dt = 15

15

33
[ f@) dt=15-3=45
15

42. Correct answer: (C)

Points of inflection occur where f' changes from increasing to decreasing
or from decreasing to increasing. According to the table, there are two
inflection points.

43. Correct answer: (D)

Since both of the equations are functions, these are upper and lower
curves. Find the points of intersection by setting the curves equal to each
other.

3x2+x—-2=x+3

3x2-5=0

\F
XA T4 /—
3

The function y = x + 3 is the upper curve, so the integral to find the area
between the two curves is
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5 5

3 3
[ (x+$-4ﬁ2+x—mdx=[ x+3-3x2—x+2dx
— /2 _ /5

3 3

V3 3
|

3
5-3x2dx=5x-x>

44. Correct answer: (B)

Find the intersection points to find the interval [a, b].
x?+3=x+3

x2—x+3-3=x—-x+3-3

x>—x=0
xx—1)=0
x=0,1

The interval [a,b] is [0,1], f(x) = x + 3 because the line is above the parabola
in the interval [0,1], and g(x) = x? + 3.
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b 1
V= nJ [FO)]? = [g(0)]? dx = n[ (x +3)>— (x*+3) dx
a 0

1

1
Zﬂ" +6x+9—(*+6x2+9) d.X:JZ'J — x* = 5x% + 6x dx
0 0

_ x° S 4 2 _ 5 3 2 0 5 3 2
—ﬂ<—?—§x +3x> —ﬂ[—?—g(l) 307 = [ —= =30 +30)

1 5 3 25 45 17
=a(\——-—=+3-0)=a|-——-—+ = —rmu =~ 3.560
15 15 15

1

45, Correct answer: (C)

d
Let x be the distance from the train to the intersection. Then o 65.

dt

Use the Pythagorean theorem.
S? = x? 4 90?
Find the derivative.

dS dx dS xdx
2§— =2x—,0f — = ——
dt dt dt S dt

After 8 seconds, x =65-8 =520 and so S = \/902 +520% =~ 527.731. Therefore,

ds 520
dt  527.731

- (65) = 64.048
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CALCULUS AB

SECTION II, Part A Solutions

1. Solution:;

a. To find how many men enter the cableway during the time interval

0 <r <150, we need to find the integral of f(r) with the limits of
integration 0 < ¢ < 150.

107 /150 -1\°
t dt =75
, 1,250 150

b. Let M(¥) be the number of men in line. We know that there are 5 men in
line at time ¢t = 0. Therefore, M(0) = 5.

150

M(150) — M(0) = J f(®)—04 dt
0

150

M(150) = 5 + J

150
7 150 — ¢
f(t)—0.4 dt = [ t? (
0

6
) — 0.4 dt =20
, 1250 150

C. Let P be the first time there are no men in line.

k
M(P) — M(150) = [ — 0.4 dt
150

0—-20=-0.4(k—-150)

k = 200 minutes

dM
d. ? :f(l) - 04
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Find the time when the number of men in the line for the cableway is at a

minimum.
fH)—04=0
6
7 (1501
t —-04=0
1,250 150

t, ~ 10.5093
t, ~ 78.7026

Then

10.5093
M(10.5093) — M(0) = [ f() =04 dt
0

10.5093

M(10.5093) =5 + " f(®)—04 dt
0

M(10.5093) ~ 2.3684

For 0 <t <150, the minimum number of men in line is 2 men at r = 10.5093
by the extreme value theorem.

2. Solution:

a. We remember that a(¢r) = v'(¢), so the first thing is to find the derivative of
the velocity at r = 3. Using a calculator, v'(3) = 3.0009.

Now find v(3). Using a calculator, v(3) ~ — 1.125 < 0. Speed is decreasing
since a(3) > 0 and v(3) < 0.
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b. v(r) = 0 when ¢t ~ 3.316. v(t) changes from positive to negative at ¢ = 3.316.
Therefore, the particle changes direction at this time.

4

c. Total distance = [ lv(t)| dt =7.170.
0

3.316
v(t)dt =2+ [ v(t) dt = —4.086
0

3.316

d. x(3.316) = x(0) + J
0

Since the total distance from ¢ =0tor =4 is 7.170, the particle is still to
the left of the origin at r = 4. So the greatest distance from the origin is

4.086.
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CALCULUS AB

SECTION II, Part B Solutions

3. Solution:
a. f'(x) = gx)
J) = [g(x) dx

-7

f(h=f=H=| gk dx

J_1

J(h=f=D+| gk dx

-1

| 1 |
J() =3+ (1(3) +5 1)+ 5(5)(5) - 5(1)(2)>

25 31 37
=3+ (3+—=)=3+—="
2 2 2

-1 -3 -1
b. J g(x) dx = [ g(x) dx + [ g(x) dx
-6 —6 -3
=3 -1
= —2(x+4)2+5dx+[ 3 dx
J_¢ -3
-3

+ 3x
-6

-1

C 3
= —E(x+4) + 5x

-3

2
=-3 [(=34+4)° = (=6 +4)°| +5(=3 = (=6)) +3(-=1 - (=3))
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= — %(1 +8)+53) +3(2)

=—6+15+6=15

C. fis decreasing when f" < 0 or g(x) < 0 and fis concave down when /" > 0
or when the slope of g(x) < 0. The graph of fis decreasing and concave
down on 6 < x < 7 because g(x) < 0 and g(x) is decreasing on this interval.

d. Points of inflection occur where f' changes from increasing to
decreasing, or from decreasing to increasing. There are two inflection
points at x = -4 and x = 0.

4. Solution
T(10) —T(8
a.7'(9) = (10) )
10 -8
51-60 -9
= = =—4.5 C°/cm
10-8 2

10 10

T(x) dx. Let A = J T(x) dx,

1
b. The average temperature of the wire is 1_0,[
0

0
then the trapezoidal approximation for A is

100 + 90 90 + 81 81 + 73 73 + 60 60 + 51
.2 14+ 2+ :

+ 3+ .2 =740
2 2 2 2

1
The average temperature is I_OA = 10 - 740 =74 C°.

10
C. J T'x) dx =T(10) = T(0) =51 -100=-49 C
0
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The temperature drops 49 C° from the heated end of the wire to the
other end of the wire.

T(5)-T(3) 73-81 -8
5-3 2 2

d. —_4

Because T is differentiable on 3 <x <5, Tis continuous on 3 < x < 5. By
the Mean Value Theorem, there exists a value ¢, 3 < ¢ < 5, such that
T'(c) = — 4.

5. Solution:
a. The average rate of change of f on the interval g <x<2ris

f(2m) _f<§> B —eT  —2¢7

27r—§ 3_2” RY/4

because

fQ2r) = e’ sin 6z = €%%(0) = 0

LA JETEI ﬁ>=%ﬂ_ __
f<2> e sm<2 e2(—1) e

b. To find the slope of the line tangent to the graph of fat x = =, we need
to find f'(x).

fi(x) = 3e3*sin 3x + 3e>* cos 3x
f(m) = 3e3"sin 37 + 3e>" cos 3z

=0+ 3e¥(=1) = — 3"
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Therefore, the slope of the line tangent to the graph of fat x = 7 is —3¢°".
c. f(x) =0
From part b, we know that f/(x) = 3¢* sin 3x + 3e** cos 3x. Therefore,
3¢ sin 3x 4 3e* cos3x =0
3e>*(sin 3x + cos 3x) = 0
3¢ £ 0
sin3x + cos3x =0

sin 3x = — CcoS 3x

_37T

To find the absolute maxij;num value of fon 0 < x <z, we need to
evaluate f(x) at x =0, x = 7 and x = x.

f(0)=¢"sin0=0

T 3z . 3 T 3r 3z

r(5)=ctsn(E) =t \2 _ \267

f(n) = e’ sin37z =0

1 3n

es.
V2

The absolute maximum value of fon 0 <x < rxis
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Because g is differentiable, g is continuous.

lim g(x) = g(x) =

X—>7

lim f(x) = lim e* sin 3x = ¢3%(0) =

By L’Hospital’s Rule,

lim & x) . g lm,_, gx)
im —— = lim .
=z f(x)  xoz fi(X) hrnx_,,, f(x)

From the graph of g/, we see that limg'(x) = — 1.

X—>7

lim f'(x) = lim 3e°* sin 3x + 3e>* cos 3x

X—>7 X—>T

= 3¢37sin 37 + 3¢ cos 37
=0+ 3e¥(—1) = — 3"

Therefore
i gx) -1 1
v f(X)  —=3e3 337

6. Solution:

a. First, we find the point (0,0) on the graph function, and then we draw the
curve using the function’s slope. The resulting graph is the following:
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b. First, we need to evaluate the slope at (0,0).
d
d—y(0,0) — (0+2)cos0 = 2(1) = 2
X

An equation for the tangent line is y — y; = m(x — x))

Substitute and we get:

y—0=2x-0)
y=2x
Therefore

£(0.5)=20.5) =1
c. First separate the variables

dy
— = (y+2)cosx
dx

d
—y=cosx dx
y+2

Integrate both sides.
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d
[_y = Jcosx dx
y+2

In|y+2|+c =sinx+c,
In|y+2| =sinx+c, where c =c¢, — ¢
Substitute the initial condition f(0) = 0 and solve for c.
In|]0+ 2| =sin0+c
In2=c
In|]y+2|=sinx+1In2
Because y(0) =0,y > —-2,s0 |y+2|=y+ 2.
In(y+2)=sinx+1n2
y 42 = gdinx+in2
y+2=2e"

y = zesinx )
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